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ABSTRACT
The recent detection of gravitational waves (GWs) and electromagnetic (EM) waves
originating from the same source marks the start of a new multi-messenger era in
astronomy. The arrival time difference between the GW and EM signal can be used
to constrain differences in their propagation speed, and thus gravitational theories.
We study to what extent a non-zero time delay can be explained by gravitational
lensing when the line of sight to the source passes near a massive object. For galaxy
scale lenses, this delay becomes relevant for GWs with frequencies between 10−6 and
10−9 Hz, sourced by super massive binary black-holes. In addition to GWs detectable
by Pulsar Timing Arrays (PTAs), we expect to find also a unique and recognizable
EM signal. We show that the delay between the GW and EM signal can be of the
order of days to months; within reach of future observations. The effect may become
important in future multi-messenger astronomy probing of gravitational propagation
and interactions.
Key words: Multi-messenger astronomy - Gravitational lensing - Gravitational waves
- Super massive binary black-holes - Pulsar timing arrays
1 INTRODUCTION
In September 2015, the first direct observation of GWs
was made by the two detectors of the Laser Interferome-
ter Gravitational-Wave Observatory (LIGO) (Abbott et al.
2016). This observation opened a whole new field of study in
astrophysics, and in the last years, research and interest in
gravitational waves have increased considerably. As new ob-
servatories – such as VIRGO (already in use) and Advanced
VIRGO (Banks 2017), in Italy, the Japanese groundbased
interferometer KAGRA (the KAmioka GRAvitational wave
detector) (Abbott et al. 2018), eLISA (the Evolved Laser
Interferometer Space Antenna) (Nishizawa et al. 2017), and
DECIGO (the DECi-hertz Interferometer Gravitational
wave Observatory) (Isoyama et al. 2018; Yagi 2013) – are
completed and begin operations, they will constitute new
powerful instruments to study the universe.
With the first combined detection of gravitational and
EM waves (Abbott et al. 2017), a new multi-messenger era
has begun in astronomy. In this work, we study the ar-
rival time differences due to gravitational lensing, between
GWs and EM signals emitted by a common source at the
⋆ E-mail: cremonesep25@gmail.com
same time or with known intrinsic time delays. In Takahashi
(2016), two lens configurations – point mass and singular
isothermal sphere (SIS) – were considered. It was found that
the lens imprints a characteristic modulation on the wave-
form. In particular, if the wavelength of the GW is large
compared to the gravitational radius of the lens, it will pass
almost unperturbed, and there will be a time delay delay
between the GW and EM signal.
A time delay between GW170817 and its EM coun-
terpart is not expected for lenses with M & 103M⊙ be-
cause of the large GW frequency. Note that if we consider
modified gravity theories, GWs may propagate slower than
the speed of light and there could be a time delay for this
reason. The close to simultaneous detection of GW170817
and the EM signal has been used to constrain such theo-
ries (Lombriser & Lima 2017; Creminelli & Vernizzi 2017;
Sakstein & Jain 2017; Ezquiaga & Zumalaca´rregui 2017;
Baker et al. 2017; Boran et al. 2018).
A pulsar was used for the first indirect observation
of GWs when in 1974, the energy loss of the binary sys-
tem PSR 1913+16 was attributed to the emission of GWs
(Hulse & Taylor 1975). Observations agreed with the theo-
retical expectation of general relativity to better than 0.1%.
A different method involving pulsars being developed,
c© 2018 The Authors
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and already in use for some time, to observe GWs with
very low frequencies is Pulsar Timing Arrays (PTAs) (Lynch
2015; Lee et al. 2011; Kelley et al. 2018; Huerta et al. 2015;
Sesana et al. 2012). The goal of this work is to compute
and understand the feasibility of observing the time de-
lay between EM signals and GWs observed with PTAs,
corresponding to wavelengths longer or comparable to the
gravitational radius of galaxy lenses. To have a time de-
lay, there has to be a lens – in our case typically a galaxy
with M ∼ 1011M⊙ – close enough to the line of sight
to the source. The probability that a source at redshift
z ∼ 1 is gravitationally lensed by a galaxy is of the order
of 10−2 − 10−3 (Turner et al. 1984). In such a case, we find
that the time delay will be observable for a large range of
sources for next generation observatories.
The article is organized as follows: In Section 2, we ex-
plain why we expect a time delay and discuss the correct
use of geometrical and wave optics. The heart of the work
is Section 3, where we calculate and give numerical exam-
ples of the expected time delays . In Section 4, we describe
PTAs and update on the latest results. Section 5 treats the
formation and evolution SMBBHs, and their GW and EM
emission. The sensitivity needed to observe the time delays
are presented in Section 6 and conclusions are drawn in Sec-
tion 7.
2 OPTICAL APPROXIMATIONS
For a gravitationally lensed source, a time delay between
the gravitational and EM waves may result from their dif-
ferent wavelengths. Geometrical (or ray) optics and wave (or
physics) optics are two approximations useful to study the
propagation of waves. For a galaxy mass lens, GWs with
frequencies in the range between 10−6 Hz and 10−9 Hz can
be modelled using wave optics whereas EM waves can be
described using geometrical optics. The large wavelengths
of the GW will pass almost unperturbed through the lens
and hence arrive first at the observer1.
Before calculating the time delays, we de-
fine the boundary between the two approximations.
Takahashi & Nakamura (2003a) state that ”in the grav-
itational lensing of gravitational waves, the wave optics
should be used instead of the geometrical optics when
the wavelength λ of the gravitational waves is longer
than the Schwarzschild radius of the lens mass” [see also
Nakamura & Deguchi (1999)]2. Therefore,
λ ≥ Rs = 2GM
c2
≈ GM
c2
⇒ M ≤ c
2
G
λ =
≃ 6, 742 · 10−4M⊙
(
λ
m
)
≈ 105M⊙
(
f
Hz
)−1
,
(1)
1 Assuming that EM and gravitational signals leave the source
at the same time.
2 A similar, but not equivalent, statement is given in
Schneider et al. (1992): ”when the wavelength is larger than the
path difference between the multiple images, the geometrical op-
tics approximation breaks down”.
and
M ≤ 105M⊙
(
f
Hz
)−1
. (2)
Here, Rs denotes the Schwarzschild radius of the lens. For a
galaxy with M ∼ 1011 M⊙, if λ & 1.5 · 1014 m ⇒ ν . 10−6
Hz, wave optics should be used. For ν ≈ 10−8 Hz, a typical
GW frequency probed by Pulsar Timing Arrays (see chapter
4.1), wave optics must be used for lenses withM < 1013 M⊙.
3 TIME DELAY
For a gravitationally lensed event where the wavelength of
the GWs is longer than the Schwarzschild radius of the lens,
the time difference is
∆TEM,±−GW(y, w) = TEM,±(y)− TGW(y, w), (3)
where TEM,± and TGW are dimensionless time delays of EM
and GW signal, respectively. y is the angular position of the
source in units of the Einstein angle and w is the dimension-
less frequency of the GW (see Figure A1 and eqs. A4a-A4b).
Details of the calculation are given in Appendix A, and sum-
marized in Tab. A1. The arrival time difference is expressed
in terms of the (dimensionless) phase difference between the
two waves as w∆TEM,±−GW. We can reconstruct the dimen-
sional time delay according to
∆tEM,±−GW =
1
2πf
w∆TEM,±−GW =
= 0.16 · w∆TEM,±−GW
(
f
Hz
)−1
sec.
(4)
For a point mass lens, the maximum phase difference be-
tween the brighter EM image (TEM,+) and the GW for dif-
ferent source positions, y, are listed in Tab. A2. For y = 0.01,
w∆TEM,+−GW ≃ 0.55 and the maximum time delay is
∆tmaxEM,+−GW = 0.09 sec
(
f
Hz
)−1
. (5)
For f ≈ 10−8 Hz (i.e.,T ≈ 3 yr), we have
∆tmaxEM,+−GW ≈ 3.5 months. (6)
For f ≈ 10−6 Hz (or T ≈ 11 days), ∆tmaxEM,+−GW ≈ 1 day.
In the case of a SIS lens, for a source at y = 0.01,
∆tmaxEM,+−GW = 0.1056 sec
(
f
Hz
)−1
, (7)
slightly larger than for the case of a point mass lens. The
large time delays emphasize the fact that, in these cases,
gravitational lensing has to be considered.
Note that here, the dimensionless frequency w is fixed.
From eq. (A4a), w ∼ Mf , and for a fixed w, the prod-
uct of f and M is also fixed. In the point mass lens ex-
ample, ∆tmaxEM,+−GW ≈ 3.5 months for a lens with3 M ≈
8.3 · 1011 M⊙. If the lens mass is constrained from other
observations, we can constrain w. If not, we may use time
delay observations to constrain its mass.
3 From eq. (A4a), w = 1.3 · f/Hz · M/104M⊙. Here, the lens
redshift is z = 0.1.
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34 GRAVITATIONAL WAVE DETECTION
In this work, we study gravitational waves with typically
f ∼ 10−8 Hz (that is λ ∼ 1 pc and T ∼ 1 year), originating
from super massive binary black holes (SMBBHs).
4.1 Pulsar Timing Array
GWs with very low frequencies may be detected through
the study of millisecond pulsar (MSPs), using Pulsar Tim-
ing Arrays (PTAs). The observed beam frequency of several
MSPs are monitored over a long period of time and the pulse
is modelled as precisely as possible and compared with the
observed time of arrival (TOA) of the pulse. The difference
is named the timing residual. As in laser interferometry de-
tectors, a GW passing between the pulsar and the Earth
warps space-time, inducing a modulation in the TOA with
respect to the model4.
The timing residual is usually different from zero because of
noise. The noise is called red or white, depending on whether
its power spectral density increases with frequency or stays
flat, respectively. White noise is due to radiometer noise,
pulse jitter, and interstellar oscillation, while timing noise,
dispersion measure (DM) variation, and an actual GW sig-
nal cause red noise. Note that the gravitational signal is here
classified as noise. Assuming we can correct for all unwanted
sources of noise, what is left, in term of the timing residual,
indicates a GW signal. With PTAs, it is possible to (i) in-
crease signal-to-noise ratio of the GW in the timing residual
(DeCesar et al. 2018); (ii) compare the timing residual from
different pulsars to discriminate between a GW signal and
other noises (Lynch 2015); (iii) reconstruct the position in
the sky of the source (Anholm et al. 2009; Goldstein et al.
2018).
4.1.1 Current and future results
Given the low frequencies involved, observations are time
demanding and there are no GW signal currently detected
using PTAs. Nonetheless, data collected so far are used to
• improve noise detection and correction;
• refine pulsar and GW source models;
• constrain the GW background (GWB).
Although the GWB is not yet detected, observational limits
are getting close to the expected signal (Lentati et al. 2015).
Since PTA instruments and data processing are improving
quickly, there is optimism about making a detection in the
next years (DeCesar et al. 2018). A GWB detection would
give information about the SMBBH population and other
sources of GWs with frequencies of the order of nHz 5.
A game changer in this field will be the Square Kilo-
metre Array (SKA). When complete, the SKA (Lazio 2013)
will have a sensitivity corresponding to a telescope with a
square kilometre mirror, and (i) a frequency range between
50 MHz (6 m) and 14 GHz (0.02 m), (ii) the highest sensitiv-
ity for a radio telescope (more than 50 times more sensitive
4 For further explanation see chapter 5.1.
5 The detection of single source GW signals will be discussed
later.
Figure 1. Schematic example of the system composed by a GW
source, S, a PTA with three pulsars, P1, P2 and P3, and the Earth,
O. Notice that the angle between Ω¯o and Ω¯P is exaggerated in the
figure. Usually it is very small because the distance pulsar-Earth
(∼ 1 − 10 kpc) is much smaller than the distance source-Earth
(∼ 102 − 103 Mpc). For more details see the text.
than the best current telescopes) and (iii) a wide field of
view (Shao et al. 2015).
SKA has the potential to make huge contributions to many
different aspects of radio astronomy. For what concerns this
paper, it will increase the number of known pulsars (SKA2
potentially could detect all galactic radio emitting pulsars in
the SKA sky, beaming in our direction) and study them with
unprecedented precision, as well as increasing data quality
of the already known pulsars. It will also reduce the uncer-
tainties in the position of the GW sources in the sky. This
will allow us to study GWs with a precision much higher
than current PTAs (Moore et al. 2015a).
5 SUPER MASSIVE BINARY BLACK HOLES
Super massive black holes (SMBHs) are known to be present
in the core of most massive galaxies (Kormendy & Richstone
1995) and super massive binary black holes (SMBBHs), are
believed to form in galaxy mergers. SMBHs in the core of
the merging galaxies may create a binary system, stay in
a prolonged in-spiral phase and eventually merge together.
This process could last for millions of years6.
Since the rate of these binary systems is not known,
there is no consensus on whether we should expect single
systems to emerge from the background radiation by being
sufficiently close and/or very bright in GWs (Sesana et al.
2009). In a recent paper (Kelley et al. 2018), it is argued
that single sources are at least as detectable as the GW
background.
5.1 Characteristics of the emitted gravitational
signal
Taking into consideration the simplest binary configurations,
the frequency emitted by SMBBHs is twice the orbital fre-
6 A useful summary of the evolution of these kind of systems can
be found in chapter 3 of Tanaka & Haiman (2013)
MNRAS 000, 1–8 (2018)
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quency. As the system loses energy, it enters an in-spiral
phase where the main energy loss is due to GW emission.
PTAs will be capable of detecting GWs from in-spiraling
binaries with m1,2 ≥ 108 M⊙7, where m1,2 are the SMBH
masses. If we consider a pulsar emitting a radio pulse with
frequency ν0, the space-time perturbation hαβ(t) induced by
the GW, gives rise to an observed frequency shift. This is
described by the characteristic two-pulse function
z(t, Ω¯) ≡ ν(t)− ν0
ν0
=
1
2
p¯αp¯β
1 + p¯αΩ¯α
∆hαβ(t, Ω¯), (8)
where ν(t) is the pulsar frequency received on Earth, Ω¯ is
the unity vector parallel to the direction of the propagation
of the GW, p¯ is the unity vector indicating the propagation
direction of radio waves from the pulsar and ∆hαβ(t) ≡
hαβ(tp, Ω¯) − hαβ(t, Ω¯) is the metric perturbation difference
at the pulsar and at the observer, respectively (see Figure
1). The resulting time residual is given by
r(t) =
∫ t
0
dt′z(t′, Ω¯). (9)
Since the frequency shift involves the metric perturbations
both at the pulsar and the Earth, we expect the time residual
for every pulsar to have two different terms. The Earth term,
is due to GWs passing the Earth, and the pulsar term is due
to GWs passing the pulsar. For a given source, the Earth
term is the same for all the pulsars in the array. The pulsar
term is different for each pulsar and depends also on the
distance between the pulsar and the Earth, which, for the
moment, is often poorly constrained.
We expect the pulsar term to have different frequencies
between each other and with the one coming from the Earth
term. This is because GWs observed at the same time in
the Earth and pulsar terms, have left the source at different
times8 (see Figure 1) and we expect the emitted signal to
evolve with time. It can be shown (Sesana & Vecchio 2010),
that the Earth and pulsar terms should be observable and
distinguishable. The former will always be better determined
since pulsars in the array can be used to improve the signal-
to-noise, S/N , ratio. In fact, for this reason, the pulsar term
is often ignored.
5.2 Electromagnetic signal
Articles summarizing the evolution of SMBBHs
[Tanaka & Haiman (2013) and McKernan et al. (2013)
and citations therein], stress the fact that the models have
large uncertainties. In order to create a SMBBH with
GW emission observable via PTA, the SMBH masses have
to be comparable, i.e. 0.01 . q < 1, where q = m2/m1
with m2 ≤ m1. If q < 0.01, the smaller galaxy may be
tidally stripped and the SMBH inside it will not reach
the center of the new forming galaxy9. The secondary (i.e.
7 Further details in Sesana & Vecchio (2010)
8 One can think of the pulsar term as – for an EM signal – having
a mirror array in the sky which reflects the light coming from
different sources in the Universe. These mirrors, being at distances
of 1-10 kpc, would show us the sources at different ages.
9 Other articles, like Bogdanovic´ (2015), set the lower limit to
q ≈ 0.1.
Figure 2. Circumbinary disk scenario in which binary torques
create a low density region in the center of the disk. The accretion
onto the binary members is shown by the arrows. For more details
see the text. Figure from Bogdanovic´ et al. (2011).
the SMBH with lower mass) will create an annular gap
around its orbital path10. Eventually, the gas interior to
the secondary’s orbit will fall into the central SMBH and a
cavity will form, as shown in Figure 2. As gas continues to
accrete, it leaks periodically into the cavity and may create
a disk around one or both SMBHs. This is shown by the
arrows and blue disks in Figure 2.
It is debated how long these inner disks live. If they
are stable and exist until the coalescence of the BHs [e.g.,
Kulkarni & Loeb (2016)], this configuration is expected to
have particular EM signals. The one we are interested in
is due to Doppler effects on the emission line coming from
the emitting disks, circumbinary and/or around one or both
BHs. We consider the Fe Kα line since it is one of the
strongest and most studied. If there are no disks around
the central BHs, the spectral profile of the line is constant
with time, corresponding to the black line in Figure 3. If
one of the BHs has an accretion disk, its Fe Kα spectral
profile will change with time 11. The period of this change
depends on the orbital period of the binary, while the line
flux also depends on the mass ratio q, the distance between
the BHs and the characteristics of the disk. In Figure 3, the
line profile at maximum red-shift (red line) and blue-shift
(blue line) are shown. The line is expected to change from
one to another in half the period of the binary. From a pro-
longed observation, it could thus be possible to measure the
binary period.
In Figure 3, the mass ratio is q ≈ 0.01. If the two BHs
are of comparable mass, as expected for binary systems emit-
ting observable GWs, both BHs may have accretion disks.
If that is the case, we expect the horns of the line to ”pulse”
over half the orbital period, since the time evolution of the
accretion disks are similar but in opposition.
10 This configuration is similar to the one of a hot Jupiter opening
a gap in a protoplanetary disk.
11 Unless the observer is observing the system face-on, in which
case the velocity of the BHs along the line of sight is zero.
MNRAS 000, 1–8 (2018)
5Figure 3. The black curve shows the Fe Kα emission line from
the circumbinary disk (55 - 100 rg) plus a weak secondary broad
component (10% of the intensity of the full disk profile) due to an
accretion disk around the secondary black hole, located at 30 Rg,
centered on the line centroid energy (6.40 keV). The red curve
shows the effect of shifting the centroid of the weak secondary
component redward to 5.2 keV. The blue curve shows the effect
of shifting the centroid of the weak secondary component blue-
ward to 7.3 keV. Figure from Tanaka & Haiman (2013).
5.2.1 Detectability of EM counterparts
The detectability of the time-dependent line shape depends
on many different characteristic of the system (Sesana et al.
2012), but overall there are good chances that they are de-
tectable. Tanaka & Haiman (2013) conclude that the spec-
tral time variation would have been easily detectable during
an extended observation with Astro-H 12 . McKernan et al.
(2013) argues that also EPIC pn onboard XMM-Newton,
through repeated observations should be able to detect the
line oscillations. Both works refer to an AGN at redshift
z = 0.01. The SKA will allow us to resolve individual
SMBBHs emitting GWs in the PTA range (Sesana et al.
2012). The number and location of these sources depends
on MBHs formation models.
There are already examples of observations, suggesting the
presence of binary systems similar to those just portrayed13.
However, none of them provide conclusive evidence for
SMBBHs.
6 SENSITIVITY OF OBSERVATIONS
We now estimate the S/N ratio needed to detect GWs
from a single source, as well as measure the time delay.
Cutler & Flanagan (1994) and Takahashi (2016) show that,
in a matched filtering analysis, the phase of the wave-
form can be measured with an accuracy corresponding to
the inverse signal-to-noise ratio, ≈ (S/N)−1. For exam-
ple, if S/N = 10, we can measure the phase difference if
12 The paper was written before the unsuccessful launch of Astro-
H.
13 See, for example, Graham et al. (2015), Bon et al. (2016),
Liu et al. (2016), Kun et al. (2014)
Frequency (s−1) Np Mass (M⊙) S/N
10−8
30
1.0 · 108 0.24
2.5 · 108 5.3
3.0 · 108 9.3
500
3.5 · 107 1.9
5.0 · 107 6.6
1.0 · 108 70
10−6
30
1.0 · 108 0.01
6.3 · 108 5.2
8.0 · 108 11
500
5.0 · 107 0.3
1.0 · 108 3.2
1.5 · 108 12
Table 1. Signal-to-noise ratios as a function of SMBBH masses
and the number of pulsars in the PTA, for the two limiting fre-
quencies. Note that from eq. (B3), the S/N is higher for lower
frequency, all other parameters fixed.
ω∆TEM,±−GW & 10
−1 rad. Conversely, to detect a phase
difference of ≈ 0.11, corresponding to the lowest value in
Tab. A2, we need S/N & (0.11)−1 ≃ 9.1. Even though both
GW and EM phases enters in w∆Tmax, GWs will dominate
the uncertainty, and we concentrate on determining the S/N
for GWs from PTAs detections.
Following Huerta et al. (2015), in Appendix B we derive the
S/N ratio
ρ2high = ρˆ
2 · (1 + z)4
(
forb
fobs
)−2/3
, (10)
where forb is the orbital frequency of the SMBBH, fobs is the
lowest frequency detectable by the PTA, and ρˆ2 (defined in
eq. B4) depends on the mass of the binary system, the total
baseline time of observation, the distance of the source, the
root mean square of the timing noise and on the cadence of
observations.
In the next examples, and in Tab. 1, we consider sources
at redshift z = 1, a luminosity distance of dL ≃ 6.7 Gpc, a
total observing time of Tobs = 10 yr (and therefore fobs =
2 ·3.17 ·10−9 s−1), an observing cadence of 1 week, i.e. ∆t ≃
0.02 yr, and a timing noise with σ ≈ 100 ns.
For the international PTA (IPTA)14 with Np ≃ 30 pul-
sars, and a SMBBH with m1 = m2 = 10
8 M⊙, we obtain
a signal-to-noise ratio ρ2 ≈ 0.24 for f = 2forb = 10−8 Hz.
For f = 2forb = 10
−6 Hz, ρ2 ≈ 0.01, too low to detect
the largest time delay calculated in section 3 (see Tab. A2),
or even to recognize the GW signal. Setting the minimum
signal-to-noise ratio at S/N & 5, m1 = m2 & 6.3 ·108M⊙ for
the time delay to be detectable for GW frequencies f . 10−6
Hz.
With SKA, a larger numbers of pulsars will be detected
and studied, increasing also the detectability of time de-
lays. All other parameter values maintained, for an array
with Np = 500 pulsars and m1 = m2 = 10
8M⊙, we obtain
ρ2 ≈ 3.2 for f = 10−6. Slightly increasing the SMBBH mass
will make the observation feasible. Numerical examples are
summarised in Tab. 1.
14 The IPTA is the collaboration between the three major PTA
collaborations (Verbiest et al. 2016)
MNRAS 000, 1–8 (2018)
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7 CONCLUSIONS
For a gravitationally lensed source, there will be a time de-
lay between GWs and EM signals, if the GW wavelength is
much larger than the gravitational radius of the lens, which
in turn is much larger than the wavelength of the EM sig-
nal. This effect may become an important tool for future
multi-messenger astronomy, e.g., to study the propagation
speed of gravitational theories (Fan et al. 2017), and thus
gravitational theories.
For the first combined observation of GWs with an EM
counterpart, GW170817, no delay is expected for lenses with
M & 103M⊙. In this paper, we note that for GWs signals
detected with PTAs, a time delay to a possible EM coun-
terpart is expected in cases where the source is lensed by
galaxy mass objects. In fact, both GW and EM signals from
inspiraling SMBBHs are, in theory, detectable with current
technologies, although not yet realized. With future data
from SKA, we will be able to measure the gravitational sig-
nal, coming from SMBBHs with total mass M & 108 M⊙,
with a S/N & 3. Together with EM observations from next
generationX-ray satellites, whose sensitivity needs to be fur-
ther studied for distant sources, this will allow us to measure
time delays of the order of months, expected for a lens mass
M ≈ 1011 M⊙. Note that the lens mass can be constrained
from the EM image positions.
A major challenge of these observations is the detection
of GWs with high enough sensitivity. We showed that, with
a large enough number of pulsars, and with prolonged and
precise observations, this will be possible. For close sources,
the EM counterpart should be easily detectable, while for
sources at redshift z ≈ 1, it is not still clear how well this can
be pursued (see chapter 5.2.1). The fact that the expected
EM signals are unique for binary SMBHs systems, opens up
for the possibility to recognize and identify these sources,
and perform dedicated follow up GW observations.
Once the theoretical feasibility of the observations are
certified, an open problem is how accurate we can couple
the emission of the GW and EM signals in the time domain.
We expect a direct correlation between the frequency of the
GW and the frequency of EM spectral line modulation. The
study of whether observations will allow this to be done with
sufficient precision is left for future work.
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APPENDIX A: TIME DELAY CALCULATIONS
In geometrical optics, the time delay function is
t(~θ, ~β) =
1 + zd
c
DdDs
Dds
[
1
2
(~θ − ~β)2 − ψ(~θ)
]
, (A1)
where θ, β, Dd, Ds and Dds are defined in Figure A1, and
ψ(~θ) is the effective lensing potential (Schneider et al. 1992).
For GWs, we need to use wave optics, and the calculations
are more involved. We will derive here the time delay for
point masses and SIS lenses.
A1 Lensed GWs
To calculate the lensed form of GWs, h˜L+,×(f), we use the
amplification factor. This is a complex function, F (f, β),
given by the diffraction integral [derived in Schneider et al.
(1992)],
F (f, β) =
DdDs
cDds
(1 + zd)f
i
∫
d2θ exp[2πiftd(θ, β)], (A2)
where f is the frequency of the GW15, β is defined in Fig-
ure A1 and the time delay, td(θ, β), is defined in eq. (A1).
The lensed GW is given by the product of the unlensed
waveform, h¯+,×(f), and the amplification factor
h˜L+,×(f) = F (f, β) · h¯+,×(f). (A3)
Defining x ≡ θ/θE and y ≡ β/θE, we can define
w ≡ DdDs
cDds
θ2E(1 + zd)2πf = 8π
GM
c3
f, (A4a)
T (x, y) ≡ cDds
DdDs
θ−2E (1 + zd)
−1td(θ, β) =
=
c3
4GM
td(θ, β),
(A4b)
where the Einstein angle, θE, is given in terms of the lens
mass, M , as
θ2E =
4GMz
c2
Dds
DdDs
. (A5)
The amplification factor can now be written
F (w, y) =
w
2πi
∫
d2x exp[iwT (x, y)]. (A6)
15 In this section, we consider monochromatic GWs.
Figure A1. Geometry of a gravitational lens system. S is the
source and O the observer. The angular diameter distances be-
tween observer and lens, lens and source, and observer and source
are Dd, Dds, and Ds, respectively. I is the position of the source
as seen from the observer. Figure from Narayan & Bartelmann
(1996).
The time delay of the GW is defined from the phase of the
amplification factor,
TGW (w, y) ≡ − i
w
ln
(
F (w, y)
|F (w, y)|
)
. (A7)
Note that this delay, unlike the one for light, depends on the
frequency of the wave.
For a point mass lens, the amplification factor is
(Takahashi & Nakamura 2003b),
F p(w, y) = exp
[
πw
4
+
iw
2
ln
(w
2
)]
Γ
(
1− iw
2
)
·
· 1F1
(
iw
2
, 1;
iwy2
2
)
,
(A8)
where 1F1 is the confluent hypergeometric function (Peters
1974). For w≪ 1, the GW time delay for a point mass lens
is
T pGW(w, y) =
1
2
[
ln
(w
2
)
+ γ
]
+O(w2) , (A9)
where γ = 0.577215... is the Euler constant.
For a SIS lens, the time delay is
T SISGW(w, y) = −
√
π
2
w−1/2 −
(
1− π
4
)
+O(w1/2) . (A10)
A2 Lensed EM light
The EM time delay is calculated in the geometrical optics
regime using eq. (A1), or in dimensionless form, using eq.
(A4b).
For a point mass lens [see Figure A1]
~β = ~θ − ~α(~θ) = θ − θ
2
E
θ
, (A11)
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and
TEM,±(y) =
y2 + 2∓ y
√
y2 + 4
4
− ln
∣∣∣∣∣
y ±
√
y2 + 4
2
∣∣∣∣∣ .
(A12)
For an SIS lens, θ± = β ± θE , and
TEM,±(y) = ∓y − 1
2
. (A13)
Note that time delays can be negative. Usually, the time
delay is defined to be zero for the unlensed case, greater than
zero when the lensed signal arrives after the unlensed one
and vice versa. However, this normalization is only possible if
the lensing potentials can be normalized to be zero at infinite
distance from the lens. This is not the case for the potentials
employed in this paper. Specifically, the mass of a singular
isothermal sphere diverges at infinite radius. Since we are not
measuring the time delay with respect to the unlesed case,
but only considering the delay between GW and EM signals,
the normalization becomes unimportant and negative time
delays are not a problem.
APPENDIX B: SIGNAL TO NOISE RATIO
CALCULATIONS
Huerta et al. (2015) consider binary systems with eccentric-
ity e 6= 0. In the limit of e = 0, we have
ρ2high = Bˆ · f−2/3orb , for f &
2
Tobs
, (B1a)
ρ2low = Cˆ · f16/3orb , for f .
2
Tobs
, (B1b)
where Tobs is the total baseline time of observation, and
fobs ∼ Tobs is the lowest frequency detectable by the
PTAs16. forb is the orbital frequency of the SMBBH, and
B and C are
Bˆ =4
3
√
2π4/3Np(Np − 1)
45
TobsM10/3(1 + z)4
d2L∆tσrms
, (B2a)
Cˆ =4
3
√
2π4/3Np(Np − 1)
45
T 7obsM10/3
d2L(1 + z)
2∆tσrms
. (B2b)
Here, Np is the number of pulsars in the PTA, dL the lu-
minosity distance to the source, σrms the root mean square
of the timing noise, M is the chirp mass17 of the SMBBH
system, and 1/∆t is the cadence of the observations. For
simplification, we rewrite eqs. (B1a) and (B2a) as18
ρ2high = ρˆ
2 · (1 + z)4
(
forb
fobs
)−2/3
, (B3)
16 Nonetheless, the case for f . 2/Tobs is usually taken into
account for completeness, since SMBBHs with eccentricity e 6= 0
emit a spectrum of different GWs wavelengths.
17 The chirp mass of a compact binary system determines the
leading order amplitude and frequency evolution of the emitted
GWs.
18 We just consider the case of f & 2/Tobs.
with
ρˆ2 = 4.26 · 10−2Np(Np − 1)
( M
108M⊙
)10/3
×
×
(
Tobs
10 yr
)5/3 (
100 Mpc
dL
)2 (
100 ns
σrms
)(
0.05 yr
∆t
)
.
(B4)
This paper has been typeset from a TEX/LATEX file prepared by
the author.
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9Lens GW delay EM delay ∆tEM,±−GW
Point mass
1
2
[ln (w/2) + γ] + (y2 + 2∓ y
√
y2 + 4)/4+ 0.16 sec (f/Hz)−1·
+O(w2) − ln
∣
∣
∣(y ±
√
y2 + 4)/2
∣
∣
∣ ·w∆TEM,±−GW
SIS
−(w−1/2√pi)/2 − (1− pi/4)+ ∓y − 1/2 0.16 sec (f/Hz)
−1·
+O(w1/2) ·w∆TEM,±−GW
Table A1. Time delays for point mass and SIS lens, depending on the source position, y, and (for GWs) on the wave frequency, w. The
values of w∆Tmax for different y are listened in Tab. A2.
Lens y w w∆Tmax (rad) ∆Tmax · (f/Hz)−1 (sec)
Point mass
1 0.23 0.11 0.018
0.1 0.92 0.46 0.073
0.01 1.10 0.55 0.088
SIS
1 0.12 0.15 0.024
0.1 1.32 0.51 0.082
0.01 2.25 0.66 0.106
Table A2. Maximum time delays for different source positions, y, for point mass and SIS lenses. The w are obtained setting to zero the
derivative of ∆tEM,+−GW(w, y) with respect to w, and the ∆T
max are obtained by inserting this value of w in the relevant equations.
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